Abstract. We will establish a bijective correspondence between the space of the cuspidal Jacobi forms and the space of the half-integral weight Siegel cusp forms which is compatible with the action of the Hecke operators. This correspondence is based on a bijective correspondence between the irreducible unitary representations of a two-fold covering group of a symplectic group and a Jacobi group (that is, a semidirect product of a symplectic group and a Heisenberg group). The classical results due to Eichler-Zagier and Ibukiyama will be reconsidered from our representation theoretic point of view.
Introduction
Jacobi forms are closely related with modular forms of half-integral weights. Such a relation is one of three main steps in the proof of Saito-Kurokawa lifting (other steps are the Fourier-Jacobi expansion of Siegel cusp forms in the Maass space, and the Shimura correspondence between integral and half-integral weight modular forms) [E-Z] . Similar relations between Jacobi forms of higher degree and Siegel modular forms of half-integral weights are studied by [Ibu] . The purpose of this paper is to study these relations from the representation theoretic point of view.
The basic idea is quite simple. For the sake of simplicity, we will consider the relations over the real number field (in this paper, we will work also over p-adic fields and over the adele ring). Let (V, D) be a symplectic R-space with a polarization V = W ⊕ W (that is, D is a non-degenerate skew-symmetric R-bilinear form on finite dimensional R-vector space V , and both W and W are R-vector subspaces of V such that D(W, W ) = D(W , W ) = 0). Let L and L be Z-lattices of W and W , respectively, such that L ⊕ L is the self-dual with respect to D. Let G be a locally compact unimodular group and ρ : G → Sp(V ) be a continuous group homomorphism. Let Γ be a closed unimodular subgroup of G such that ρ(Γ) ⊂ Sp(L) (see 1.2.4 for the notation). Let Sp(V ) be a nontrivial two-fold covering group of Sp(V ) with covering mapping , and let G = G × Sp(V ) Sp(V ) be a fiber product with
where e ∞ (t) = exp 2π √ −1t is a character of Z(H[V ]) = R. Take any unitary representation τ of G. Let τ J be the composition of τ with the canonical projection of G J onto G. Then the correspondence
is a bijection between the unitary equivalence classes of the unitary representations τ of G and the unitary equivalence classes of the unitary representations π of G J such that π| Z(H[V ]) = e ∞ . Also π is irreducible if and only if τ is irreducible.
For example, let us consider an induced representation Ind(G J , Γ J ; α ⊗ ξ). Here α is a continuous unitary character (1-dimensional unitary representation) of Γ and ξ is a character of (L ⊕ L ) × R defined by ξ(λ) = e ∞ (t + 1 2 D(x, y)) for λ = ((x, y), t) with x ∈ L, y ∈ L , t ∈ R.
The character α ⊗ ξ of Γ J is defined by
(α ⊗ ξ)(γ, λ) = α(γ)ξ(λ).
Considering Ind(G J , Γ J ; α⊗ξ) as a representation of G J via its canonical projection onto G J , we have
Here α is the composition of α with the covering mapping Γ → Γ, and ε Γ is a character of Γ defined as follows. Let us define a theta series θ ϕ associated with a Schwartz function ϕ ∈ S(W ) by G = symplectic group, H = compact orthogonal group.
Other cases are treated similarly. Although we work only over the rational number field, the cases over the totally real number fields can be treated without any change in the arguments. This paper consists of three chapters and two appendices.
In Chapter one, we will work over every local field Q p (p ≤ ∞). In §1.1, we will set up the fundamental framework of this paper. We will define a generalized Jacobi group and set the fundamental assumptions (A), (B) and (C) of 1.1.2. In §1.2, we will recall basic facts on the Weil representation. In §1.3, we will establish the correspondence (1) of unitary representations for our generalized Jacobi group (Theorem 1.3.3). In §1.4, we will work over the real number field R = Q ∞ . This case is connected directly with the classical treatment of automorphic forms. In fact, based upon the representation theoretic consideration described above, we will establish a bijection between cuspidal Jacobi forms (of degree n with a matrix index) and Siegel cusp forms of half-integral weights of degree n (Theorem 1.4.10).
In Chapter two, we will work only over finite local fields Q p (p < ∞). The correspondence of automorphic forms given by [E-Z] or [Ibu] is compatible with the action of Hecke operators. This means that we need a C-algebra isomorphism between the algebra H J,p of Hecke operators on the finite local Jacobi group G J,p and the algebra H p of Hecke operators on the finite local covering group G p of G p . Such an isomorphism was given by Shintani [Shn] (see Proposition 2.2.1). The C-algebras H J,p and H p have canonical C-bases which consist of the characteristic functions of suitable double cosets in G J,p and G p , respectively (see 2.1.4 and 2.1.5). We will show that the representation matrix, with respect to these canonical C-bases, of the C-algebra isomorphism given by Shintani is diagonal (Theorem 2.3.2). A C-algebra homomorphism between H J,p and H p reflects a correspondence between the zonal spherical functions on G J,p and on G p . This correspondence of zonal spherical functions contains the correspondence (1) for the class-one unitary representations of G J,p and of G p . Here, the zonal spherical function associated with the Weil representation studied in §2.2 plays the fundamental role. In particular, Proposition 2.2.2 is a key proposition of Chapter two. In §2.4, we will consider the class-one unitary representations of G J,p and G p . These results will be used in the global theory of Chapter three.
In Chapter three, we will work over the adele ring. We will establish the correspondence (1) of unitary representations and the identity (2) over the adele ring (or for the adelized groups). Then choosing carefully the local representations, we will show the global correspondence of automorphic forms (Theorem 3.1.10). In §3.2, we will consider the infinite local theory of §1.4 with regard to the Hecke operators. We will show that the infinite local correspondence of automorphic forms given in Theorem 1.4.8 (or Theorem 1.4.10 with classical terminology) is compatible with the action of Hecke operators (Theorem 3.2.6). Finally in §3.3, we will reconsider the result of [E-Z] and [Ibu] from our point of view.
In the two appendices, we will recall some basic facts which are used throughout this paper. In Appendix A, we will recall some basic facts on the space of automorphic forms associated with an irreducible unitary representation of a locally compact unimodular group. See [Tak1] for the details. In Appendix B, we will recall basic facts on the zonal spherical functions with central character on a locally compact group.
Notation. The ring of the rational integers is denoted by Z. The field of the rational numbers (resp. real numbers, complex numbers) is denoted by Q (resp. R, C).
For any finite or infinite place p of Q, the p-adic completion of Q is denoted by Q p . The closure of Z in Q p is denoted by Z p (so Z ∞ = Z). A Haar measure on Q p is normalized so that vol(Z p ) = 1 if p < ∞, vol([0, 1]) = 1 if p = ∞. The adele ring of Q is denoted by Q A . Let e = p e p be the unique continuous character of Q A which is trivial on Q and e ∞ (x) = exp 2π √ −1x. For a Q-vector space V , put
For K-vector spaces U and V over a field K, we will denote by Hom K (U, V ) the K-vector space consisting of the K-linear mappings from U to V . Set End K (V ) = Hom K (V, V ). For all u ∈ U and a ∈ Hom K (U, V ), denoted by ua ∈ V is the image of u under a. Let us denote by GL K (V ) the group of the K-linear isomorphisms of V onto itself. Take R-vector spaces U , V and set
For a linear algebraic group G over Q, we will denote by G(K) the group of the K-rational points for an over-field
For a topological space X, denoted by C c (X) is the complex vector space consisting of the compactly supported continuous C-valued functions on X.
Throughout this paper, an induced representation is defined as follows. Let G be a locally compact unimodular group and H be a closed unimodular subgroup of G. Then the coset space H\G has a G-invariant measure dġ. Let ξ be a unitary representation of H with representation space E ξ . Let | · | ξ be the norm of the complex Hilbert space E ξ . Let C c (G, H; ξ) be a complex vector space consisting of the H ξ -valued continuous functions ϕ on G such that
2) the support of ϕ is compact modulo H.
Then the induced representation π = Ind (G, H; ξ) is the completion of C c (G, H; ξ) with respect to the norm
with the action (π(g)ϕ)(x) = ϕ(xg) for ϕ ∈ C c (G, H; ξ) and g ∈ G.
Chapter 1. Jacobi Group and its Unitary Representations 1.1. Jacobi group.
For any s ∈ End Q (U ), there exists a unique
, which is an element of U because we have
The center of H[V, D] is identified with
The group of the symplectic similitudes on V D] from the right as an automorphism group by (x, s) σ = (xσ, ν(σ)s). Let G and G J be algebraic groups over Q such that
respectively. The semi-direct product is defined by the action of
Then V = W ⊕ W gives a polarization of V with respect to D S , and x, y S = D S (x, y) gives a non-degenerate pairing
We will pose the following three conditions throughout this paper: (A) there exists an ortho-normal Q-basis of U with respect to , ,
The conditions (A) and (B) imply that there exists a Q-basis
We will fix such a Q-basis {u 1 , · · · , u m } throughout this paper. Then we have
(1.1.2.1)
We will denote by
δ ij e j with 0 < e j ∈ Z and e j |e j+1 . Identify V with the Q-vector space of the row vectors Q 2n with respect to the Q-basis
Fix a Z-basis {u 1 , · · · , u m } of M , and put S 0 = ( u i , u j ) i,j=1,··· ,m . By means of the identification U = Q m with respect to {u 1 , · · · , u m }, we have an identification
0 . Then the condition (C) of 1.1.2 is equivalent to the condition
In this section, we will recall some basic facts on the Weil representation. The results are described for Sp(V ). Similar notations are used for Sp(V).
Fix a finite or infinite place
It is a locally compact unimodular group and is called the Heisenberg group associated with the symplectic
as an automorphism group.
The Heisenberg group H[V p ] has a unique irreducible unitary representation
) is a Hausdorff topological group with respect to the weakest topology such that Aut(
is a locally compact group [Igu] . There exists uniquely a continuous group homomorphism
where ( * , * ) p is the Hilbert symbol and det c = det 
where the Haar
The automorphism r Lp (γ) induces a unitary automorphism on L 2 (W p ) via the isomorphism given in 1.2.3, which is also denoted by r Lp 
Let us denote by ε L,p the unitary character of Sp(L p ) defined by
Note that ε L,p = 1 for all p = 2, ∞. In particular, we have
and all Schwartz functions ϕ ∈ S(W ∞ ). Here
is the theta series associated with ϕ ∈ S(W ∞ ).
Let
Then Π is unitarily equivalent to the restricted tensor product of {Π p } p≤∞ with respect to
is a locally compact group [Igu] .
Let G A be the restricted direct product of { G p } p≤∞ with respect to { Sp(L p )} p<∞ . Define a continuous group homomorphism
Let Sp(V A ) be the image of J which is a closed normal subgroup of M p(V A ) [Wei] . The projection to the second factor
is a unitary representation of Sp(V A ) which is called the global Weil representation.
The automorphism r W (γ) induces a unitary automorphism of L 2 (W A ) via the isomorphism defined above which is also denoted by r W (γ). Then γ → r Q (γ) = (γ, r W (γ)) is a group homomorphism of Sp(V ) into Sp(V A ) [Wei] . Put
which is a discrete subgroup of G A .
1.2.6.
We have the following product formula.
Proposition.
Proof. For any Schwartz-Bruhat function ϕ ∈ S(W A ), put
Then we have [Wei] 
On the other hand, we have
Then we get the required product formula. 
1.3.2.
We shall define a continuous group homomorphism
Because of (1.1.2.1), we have a continuous group homomorphism (σ,
Then we have Ψ p (r(ρ(σ))) = Ψ p (r(σ)) m . Now we will define the group homomorphism
For any unitary representation π of G p , let us denote by π J the composition of π with the canonical projection of G J,p onto G p . Then we have
p gives a bijection between the set of the unitary equivalence classes of the unitary representations of G p and the set of the unitary equivalence classes of the unitary representations
τ of G J,p such that τ (t) = χ S,p (t) for all t ∈ Z( G J,p ) = U p . π J ⊗ ω S,p is irreducible if and only if π is. π J ⊗ ω S,p is square-
integrable modulo the center if and only if π is square-integrable.
This theorem is proved by an argument similar to that in [Sat2] . 
1.4. Infinite local theory. In this section, we will develop our theory over R = Q ∞ .
An example of such a discrete subgroup is given in 1.4.11. Let α be a unitary character of Γ.
Consider the induced representation π = Ind(G J,∞ , Γ J ; α ⊗ ξ S,∞ ). Let us denote by π and α the composition of π and α with the canonical projections G J,∞ → G J,∞ and Γ → Γ, respectively. Then we have π = Ind(
Proof. By a direct calculation, it is easy to see that the C-linear mapping ϕ ⊗ ψ → ϕ ψ is G J,∞ -equivariant and |ϕ ψ| = |ϕ| · |ψ|. Put
).
Then the C-linear span of
respectively. Then the C-linear spans of
where
In fact, we have
which is the required formula. Suppose that
1.4.2.
The Siegel upper half space associated with the polarization V = W ⊕ W is defined by
Here
We have
We have also
is a factor of automorphy:
1.4.3. Fix a z 0 ∈ H W which defines a maximal compact subgroup
for σ ∈ G ∞ and z, z ∈ H W . Here we put
which is real analytic on σ ∈ G ∞ , holomorphic on z ∈ H W and satisfies the relations
Let us denote by δ 0 = det 
Let H z0 be a complex Hilbert space consisting of the holomorphic C-valued functions ϕ on W C such that
Then the contragredient representationω ∞ of the Weil representation ω ∞ of Sp(V ∞ ) is realized on H z0 [Tak3] . So the contragredient representationω S,∞ of ω S,∞ is realized also on H z0 .
Let us define the holomorphic discrete series of
be a complex Hilbert space consisting of the holomorphic V δ -valued functions ϕ on H W such that
The action π δ⊗δ
Here we put
) is the irreducible square-integrable unitary representation, a so-called holomorphic discrete series, of
is integrable if and only if n − m/2 > 2n. See Chapter VI, §4 and Chapter IX, §7 of [Knp] for the construction and the minimal K-type of the holomorphic discrete series of a connected semi-simple real Lie group. It is easy to show that the construction of the holomorphic discrete series given in [Knp] is equivalent to our construction. See [H-S] for the integrable discrete series. The arguments of [Knp] and [H-S] can be applied to our non-linear Lie group G ∞ .
1.4.6. Now we will consider the holomorphic discrete series of the Jacobi group G J,∞ . Let H δ,S be a complex Hilbert space consisting of the V δ -valued holomorphic functions ϕ on H W,J such that
for g ∈ G J,∞ and ϕ ∈ H δ,S . Here we put
is an irreducible unitary representation (possibly H δ,S = {0}). Let π δ,S be the composition of π δ,S with the covering map of G J,∞ onto G J,∞ . Then we proved in [Tak2] that Remark. The coset space
S,∞ ) is realized on a complex Hilbert space of the locally integrable V δ -valued functions ϕ on H W,J such that
In this sense, π δ,S is a holomorphic induction on G J,∞ or a holomorphic discrete series on G J,∞ . 
Then we have a transformation formula Tak3] ). Then we have a formula
1.4.8. Theorem 1.4.1 and Theorem 1.4.6 imply that theπ δ,S -isotypic component in Ind(G J,∞ , Γ J ; α ⊗ ξ S,∞ ) corresponds to theπ δ⊗δ
. Such a correspondence induces a correspondence between the spaces of automorphic forms on G J,∞ and G ∞ via the isometry of Appendix A.3. Let us now describe explicitly the correspondence.
Let us denote by A(Γ J , α; δ, S) the space of the automorphic forms on G J,∞ associated with the data
in the sense of Appendix A.2. Let us also denote by A( Γ, α; δ ⊗ det −m/2 ) the space of the automorphic forms on G ∞ associated with the data
Recall that the multiplicity of δ (resp.
Proof. We have π δ,S = π δ⊗δ 
for all σ ∈ G ∞ . Then we have a C-linear isometry
. Then the isometry of Appendix A.3 gives the required isometry.
Remark. In §3.2, we will show that the correspondence F → f F is compatible with the action of the Hecke operators.
1.4.9. We will give a variation of Theorem 1.4.8. For any F ∈ A(Γ J , α; δ, S), put
which is a well-defined V δ -valued function on H W . Then we have Theorem. For any F ∈ A(Γ J , α; δ, S), we have
Proof. Using the identity
and (1.4.2.1), we have
Here we put z = σ(z 0 ) ∈ H W . Then we have the required formula.
1.4.10.
We will consider a classical case. Let us suppose that 1 = 2 = · · · = n = . We shall also suppose that Γ is commensurable with Γ , that is, the C-valued holomorphic functions f on H W such that
be the space of the cuspidal Jacobi forms of weight and index S with respect to Γ J with character α, that is, the holomorphic C-valued functions F on H W,J such that
The condition (1) is equivalent to the following conditions:
The condition (2) is equivalent to the following condition:
with a suitable 0 < M ∈ Z. Here x,c is the summation over the x ∈ L and
The notation in the condition (iii) is defined as follows:
For any x ∈ W, define a
If − m/2 > 2n, we have an identification 
Let M * be the dual lattice of M in U (see 1.1.3). Then we have
Chapter 2. Finite Local Theory
Through out this chapter, we will fix a finite place p of Q such that
2.1. Algebras of Hecke operators.
with the notation of Appendix B.2. Here E p is the kernel of the covering mapping p : G p → G p , and ν p is the unique non-trivial character of E p .
Here we used the formula (1.1.2.1). Then we have 
With respect to the
. Then we have a double coset decomposi-
Proposition. The support of any ϕ ∈ H J,p is contained in
This means that x, L p S ⊂ Z p and then x ∈ L p . Similarly for any ∈ L p , we have
For any
o t h e r w i s e for g = (σ, (x, y), t) ∈ G J,p .
By Proposition 2.1.3, {ϕ α,S | α ∈ Υ} is a C-basis of H J,p .
Proposition. C-algebra H J,p is commutative.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Proof. Put ε = 0 1 n 1 n 0 ∈ GSp(n, Q p ) and g = εg
GJ,p (g) and t = t for all t ∈ U p . We have ϕ(g ) = ϕ(g) for all ϕ ∈ H J,p because ϕ α,S (g ) = ϕ α,S (g) for all α ∈ Υ. Then a simple calculation shows that H J,p is commutative.
For any a ∈ GL
For any α ∈ Υ, let ψ α be the characteristic function of 
Zonal spherical function associated with Weil representation.

The representation
The first equation is due to the fact that ϕ Lp is equal to the m-fold tensor product of the characteristic function of
The second is proved by the same argument as that used in the proof of Proposition 2.1.3, and by the first equation.
The following result is due to Shintani [Shn] .
Proposition. For any ϕ ∈ H p , let ϕ J be a continuous function on G J,p defined by
Proof. We have only to prove that ϕ → ϕ J is a C-algebra homomorphism. The remark on the support of Φ S,p given above shows that the mapping is bijective. Recall that Π S,p is an irreducible unitary representation of H[V p , D] which is integrable modulo U p of formal degree one. Then for all ϕ, ψ ∈ H p , we have
So ϕ → ϕ J is a C-algebra homomorphism.
In the next section, we will show that the representation matrix of the inverse mapping of ϕ → ϕ J with respect to the C-basis {ϕ α,S | α ∈ Υ} of H J,p and C-basis {ψ α,ν | α ∈ Υ} of H p is diagonal. This is the main result of this chapter (see Theorem 2.3.2).
The condition (2) of Appendix B.3 implies that Φ S,p satisfies an integral equation
The following proposition is a keystone for the proof of our main result, Theorem 2.3.2.
Proof. We can suppose that σ = d(p α ) and τ = d(p β ) for some α, β ∈ Υ. Take any
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where ϕ Lp⊕L p is the characteristic function of L p ⊕L p in V p , and
Isomorphisms of algebras of Hecke operators.
2.3.1. We will start with investigating a relation between the zonal spherical functions on G J,p and on G p .
Lemma. For any
Proof. We shall verify the defining conditions of Appendix B.3. First of all, ω J is a well-defined and non-zero continuous function on G J,p which satisfies
Then the same argument as used in the proof of Proposition 2.1.3 shows that the support of ω J is contained in
In particular, ω J does not 2.3.2. In 2.1.3, we defined C-basis {ϕ α,S | α ∈ Υ} and {ψ α,ν | α ∈ Υ} of H J,p and H p , respectively. Define a C-linear isomorphism T p :
Then our main result in this chapter is
Proof. We will prove the second assertion first. For any
respect to the Haar measure on G J,p (resp. G p ). Because of the normalization of the Haar measures, we have
Then we have C
. Now we will prove the first assertion. For any ϕ, ψ ∈ H J,p , we have
where λ runs over the surjective C-algebra homomorphism of H p onto C (see Appendix B.3) . By the isomorphism of Proposition 2.2.1 and by the structure theorem by [Mur] , H p is a domain and is finitely generated as a C-algebra. Then λ Ker λ, which is the intersection of the maximal ideals of H p , is equal to {0}. So T p is a C-algebra isomorphism. Take a ϕ ∈ H p . For any
This means that λ • T p (ϕ J ) = λ(ϕ) for all surjective C-algebra homomorphisms λ of H p onto C. Then we have T p (ϕ J ) = ϕ, that is, T p is the inverse mapping of ϕ → ϕ J .
2.3.3.
By means of the C-algebra isomorphism T p , we can prove the following
Proof. The mapping ω → ω J is injective, because the support of ω is contained in that of Φ S,p (see the proof of Lemma 2.3.1). For any ω ∈ Ω(G J,p //K J,p , U p ; χ S,p ), there exists a surjective C-algebra homomorphism λ of 
, respectively. We have the following proposition.
Proposition. A bijection of R(
Proof. Take any π ∈ R(G J,p //K J,p , U p ; χ S,p ) with the representation space H π . Let F be the complex vector space consisting of the continuous D] . Then F is a complex Hilbert space with respect to the norm |T | = sup ϕ∈L 2 (Wp) |T ϕ|/|ϕ|.
Define a unitary representation
τ of G p on F by τ ( σ)T = π(σ) • T • ω S,p ( σ) −1 for all σ ∈ G p such that ( σ) = σ. Then τ ∈ R( G p // K p , E p ; ν m p ) and τ J ⊗ ω S,p = π by the unitary isomorphism F ⊗L 2 (W p )→ H π defined by T ⊗ ϕ → T ϕ. Take a K J,p -invariant vector u 0 ∈ H π such that |u 0 | = 1. Now T → T ϕ Lp gives a unitary isomorphism of F onto the subspace of H π consisting of the H[L p , D]- invariant vectors. Then there exists uniquely a T 0 ∈ F such that T 0 ϕ Lp = u 0 . Since (τ (k)T 0 )ϕ Lp = u 0 for all k ∈ K p , T 0 ∈ F is a K p -invariant vector. So τ ∈ R( G p // K p , E p ; ν m p ). The zonal spherical function ω π of π is (π(g)u 0 , u 0 ) = (τ( σ)T 0 , T 0 )(ω S,p ( σ, h)ϕ Lp , ϕ Lp ) = ω τ ( σ)Φ S,p ( σ, h) = (ω τ ) J (g) for all g = (σ, h) ∈ G J,p with σ ∈ G p such that ( σ) = σ.
Proposition 2.4.1 says that the correspondence
. Then consider the bounded zonal spherical functions. The correspondence ω → ω J gives an injection of 
Chapter 3. Global Theory
We will suppose the conditions (A),(B),(C) of 1.1.2 and the condition
for all p ≤ ∞ (see Proposition 1.4.11). We will fix a finite set Σ of finite places of Q such that 2 ∈ Σ and
3.1. Global correspondence of automorphic forms.
For any finite place
Let
H[V A , D] has a unique irreducible unitary representation Π
. Then Π S is unitarily equivalent to the restricted tensor product of {Π S,p } p≤∞ with respect to {ϕ Lp } p<∞ where 
The Weil representation
mapping is given by (3.1.2.1). ω A is a unitary representation of p≤∞ Sp(V p ), the
Let ω S,A be the restricted tensor product of {ω S,p } p≤∞ with respect to {ϕ Lp } p<∞ . Then ω S,A is an irreducible unitary representation of G J,A , and
is a continuous group homomorphism which is well-defined by Proposition 2.1.1. 
Let
G Σ A (resp. G Σ A ) be the subgroup of G A (resp. G A ) consisting of the (σ p ) p≤∞ such that σ p ∈ K p (resp. σ p ∈ K p ) for all p ∈ Σ. Put G Σ J,A = G Σ A H[V A , D] and G Σ J,A = G Σ A H[V A , D]. Put G Σ J,p = G J,p if p ∈ Σ, and G Σ J,p = K p H[V p , D] if p ∈ Σ. Then G Σ J,A is the restricted direct product of {G Σ J,p } p≤∞ with respect to {K J,p } p<∞ . Similarly put G Σ J,p = G J,p if p ∈ Σ, and G Σ J,p = K p H[V p , D] if p ∈ Σ. Then G Σ J,A is the restricted direct product of { G Σ J,p } p≤∞ with respect to { K J,p } p<∞ . Put ω Σ S,A = ω S,A | G Σ J,
Put
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Consider the induced representation π = Ind(G
We have ω
This theorem is proved by using an argument similar to the proof of Theorem 1.4.1. 3.1.6. Let δ = p≤∞ δ p be an irreducible unitary representation of K such that 1) δ p = 1 Kp is the trivial representation of K p for all finite p ∈ Σ, 2) δ p is a finite order character of K p for all p ∈ Σ, 3) δ ∞ corresponds to the Young diagram (given below) with 1 ≥ 2 ≥ · · · ≥
As remarked at the beginning of this chapter, the condition (
Note that δ p = δ p • p for all 2 < p < ∞. Then δ p is the trivial representation for all finite p ∈ Σ. For all finite p, define a unitary character δ J,p of K J,p by
Note that δ J,p is the trivial character for all finite p ∈ Σ. Let δ J = δ ∞ ⊗ p<∞ δ J,p be an irreducible unitary representation of K J on the representation space V δ∞ .
Let τ p be an irreducible unitary representation of
For all finite p ∈ Σ, choose a K p -invariant vector u p of unit length in the representation space of τ p . Recall that the space of the K P -invariant vectors in τ p is one-dimensional for all finite p ∈ Σ. Let τ = p≤∞ τ p be the restricted tensor product of {τ p } p≤∞ with respect to {u p } p ∈Σ∪{∞} . Then τ is an irreducible unitary representation of G Σ A such that the multiplicity of δ in τ K is equal to one. We have
Here if δ 2 | E2 = ν m 2 so δ 2 ⊗ω S,2 is trivial on E 2 , then π 2 = δ 2 ⊗ω S,2 is regarded as a representation of G D] . On the other hand, for all odd p ∈ Σ, if the covering mapping p gives an isomorphism
For all finite p ∈ Σ, the space of the K J,p -invariant vectors in π p is onedimensional. Choose a K J,p -invariant vector v p of π p of unit length. Let π = p≤∞ π p be the restricted tensor product of {π p } p≤∞ with respect to {v p } p ∈Σ∪{∞} . Then π is an irreducible unitary representation of G J,A such that the multiplicity of δ J in π| KJ is equal to one. We have π|
3.1.9. For any finite place p of Q, let κ p be a character of
S(W A ) be a Schwartz-Bruhat function such that ϕ p = ϕ Lp for all p < ∞:
Then, by the intertwining mapping (3.1.
3.1.10. Let us denote by A(K J ; π, δ J , S) the space of the automorphic forms on G Σ J,A associated with the data
in the sense of Appendix A.2. Let us also denote by A( K; τ, δ) the space of the automorphic forms on G Σ A associated with the data
Let us denote by π (resp. δ J ) the composition of π (resp. δ J ) with the canonical projection G J,A → G J,A (resp. K J → K J ). Then, by the definitions of τ and π, we have π = τ J ⊗ω S,A . The δ J -isotypic component in π is the tensor product of the δ-isotypic component in τ and theκ-isotypic component inω S,A . Then, by Theorem 3.1.5 and arguments similar to those in the proof of Theorem 1.4.8, we have the following theorem.
3.2. The action of Hecke operators on the infinite part. Throughout this section, we will fix the compact groups and their representations defined in 3.1.1 and 3.1.6, respectively.
3.2.1.
Put Γ = Sp(V ) ∩ G ∞ × p<∞ K p which is identified with a discrete subgroup of G ∞ via the projection to G ∞ . Put Γ = −1 ∞ (Γ) which is a discrete subgroup of G ∞ . Proposition. 1) G Σ A = G Σ Q · G ∞ × p<∞ K p , 2) (γ, T p ) p≤∞ → (γ, T ∞ ) gives an isomorphism G Σ Q ∩ G ∞ × p<∞ K p → Γ.
Proof. 1) It is enough to show
Take any σ = (σ p , T p ) p≤∞ ∈ G A . By the strong approximation theorem, we have
is an injective group homomorphism into Γ. On the other hand, take any (γ, T ∞ ) ∈ Γ. Then γ ∈ K p for all p < ∞, so put (γ, T p ) = r Lp (γ) ∈ K p for all 2 < p < ∞, and choose any
Define a finite order character α of Γ by α(γ) = p<∞ δ p (γ).
3.2.2.
Let π ∞ = π δ∞,S be the holomorphic discrete series of G J,∞ constructed in 1.4.6 (see also 3.1.8). Let us denote by
Then F A is well-defined, and
is a finite dimensional complex Hilbert space with the inner product
For any finite p ∈ Σ, the algebra of the local Hecke operatorš
3.2.3.
If we take the local representations π p and the global representation π defined in 3.1.8, we have the following proposition. Appendix B.4) , and
by the same argument as that used in the proof of Proposition 2.1.3. Then we have
On the other hand,
Then we have the required conditions.
3.2.4.
Let τ ∞ be the holomorphic discrete series of G ∞ defined in 3.1.7. Let us denote by M Σ ( K; δ) the complex vector space of the continuous
3.2.6. Now we will show the main theorem in this section.
Theorem. For any
which is equivariant with respect to the actions of Hecke operators:
with all finite p ∈ Σ.
Proof. We will embed
Fix a finite p ∈ Σ. For any ϕ ∈Ȟ J,p , we have
Here we put ϕ * (g) = ϕ(g −1 ). On the other hand we have ϕ * α,S = ϕ α,S for all α ∈ Υ (see 2.1.4 for the notation). BecauseȞ J,p is commutative, p ∈Σ∪{∞}Ȟ J,p acts on M Σ (K J ; δ J , S) as normal linear operators which are commutative with each other. Then there exists an orthonormal C-basis
such that each F j is a common eigenfunction of the linear operators p ∈Σ∪{∞}Ȟ J,p ; that is, there exists a surjective C-algebra homomorphism
and ω
S,p ) be the class-one representation of G J,p whose contragredient representation corresponds to ω 
3.3.3. Let S −1/2 (Γ 0 (4)) be the space of Siegel cusp forms of weight − 1/2 with respect to
in the sense of [Ibu] . For any
Γ ) compatible with the Hecke operators.
Let
be the space of Jacobi forms of weight and index 1 in the sense of [Ibu] . Take any F ∈ J cusp ,1 . We can write
with holomorphic functions f r .
The function F (z, w) = F (2z, w) satisfies the conditions z, w) . 
by (3.3.2.1) and the orthogonality relations (3.3.2.2). Then
by Theorem 1.4.10, and Theorem 3.2.6 implies that the correspondence
is compatible with the Hecke operators. Finally, by 3.3.3, the correspondence
is a mapping from J cusp ,1
into S −1/2 (Γ 0 (4)) which is compatible with the Hecke operators. This is the result of [Ibu] and [E-Z].
Appendix A. Automorphic Forms on Locally Compact Groups
A.1. We will recall the definition of the space of automorphic forms on a locally compact unimodular group [Tak1] . Let G be a locally compact unimodular group and K be a compact subgroup of G. Let Γ be a closed unimodular subgroup of G and E be a closed subgroup of Γ ∩ Z(G) where Z(G) is the center of G. Let ξ be a continuous unitary character of Γ. Put χ = ξ| E . Let π (resp. δ) be an irreducible unitary representation of G (resp. K) with representation space H π (resp. V δ ). We shall suppose the following two conditions: (A) π| E = χ, that is, π(a) is equal to the multiplication by χ(a) for all a ∈ E, (B) the multiplicity of δ in π| K is equal to one. 
4)
G/E f (xy −1 )ϕ(y)d(ẏ) = ψ π,δ (ϕ)f (x) for all ϕ ∈ C c (G/E, χ, δ) 0 .
Here C c (G/E, χ, δ) 0 is an involutive C-algebra consisting of the C-valued continuous functions ϕ on G such that i) ϕ(ax) = χ(a −1 )ϕ(x) for all a ∈ E, ii) supp(ϕ) is compact modulo E, iii) ϕ(kxk −1 ) = ϕ(x) for all k ∈ K,
iv)
K e δ (k)ϕ(k −1 x)dk = ϕ(x) where e δ (k) = (dim δ)trδ(k).
The Haar measure on K is normalized so that vol(K) = 1. The multiplication is defined by the convolution
The involution on C c (G/E, χ, δ) 0 is defined by ϕ * (x) = ϕ(x −1 ). Put
where ψ π,δ (x) = tr(P • π(x) • P ) (x ∈ G) with the orthogonal projection P of H π onto the δ-isotypic component of H π . The spaceǍ δ (Γ\G, ξ, π) is a complex Hilbert space with respect to the inner product
where ( , ) δ is the Hermitian inner product of V δ .
A.3. Letπ (resp.δ) be the contragredient representation of π (resp. δ). We will denote by Ind(G, Γ; ξ We have a surjective involutive C-algebra homomorphism ϕ → ϕ χ of C c (G, δ) 0 to C c (G, χ, δ) 0 . The condition 4) of the definition ofǍ δ (Γ\G, ξ, π) is equivalent to the condition 4 ) G f (xy −1 )ϕ(y)dy = ψ π,δ (ϕ)f (x) for all ϕ ∈ C c (G, δ) 0 .
Here we put ψ π,δ (ϕ) = (dim δ)
Appendix B. Zonal Spherical Functions with a Central Character B.1. In this appendix, we will recall some basic facts on the zonal spherical functions on a locally compact group and fix some notation for our use. Let G be a locally compact unimodular group, K be a compact subgroup of G and E be a closed subgroup of the center of G. Let χ be a continuous unitary character of E. Let us denote by G the set of the unitary equivalence classes of the irreducible unitary representations of G. The Haar measure on K is normalized so that vol(K) = 1.
B.2.
Let C c (G, E; χ) be the involutive C-algebra consisting of the continuous Cvalued functions ϕ on G such that 1) ϕ is compactly supported modulo E, and 2) ϕ(xa) = χ(a −1 )ϕ(x) for all a ∈ E, with the convolution product Then the mapping θ χ : ϕ → ϕ χ is a continuous surjective involutive C-algebra homomorphism from C c (G) to C c (G, E; χ) such that θ χ C c (G//K) = C c (G//K, E; χ).
B.3.
Let Ω(G//K) be the set of the zonal spherical functions on G with respect to K, that is, the set of the continuous C-valued functions ω on G satisfying the following equivalent conditions: 1) ω is K-biinvariant with ω(1) = 1 and ϕ * ω = λ ϕ ω for all ϕ ∈ C c (G//K) with λ ϕ ∈ C,
2)
K ω(xky)dk = ω(x)ω(y) for all x, y ∈ G, and ω = 0, 3) ω : C c (G//K) → C is a surjective C-algebra homomorphism where
Let Ω(G//K, E; χ) be the subset of Ω(G//K) consisting of the ω satisfying the following equivalent conditions: i) ω(xa) = χ(a)ω(x) for all a ∈ E, ii) there exists a C-algebra homomorphism α : C c (G//K, E; χ) → C such that ω = α • θ χ .
For an ω ∈ Ω(G//K, E; χ), put
ϕ(x)ω(x)dẋ for all ϕ ∈ C c (G//K, E; χ).
Then ω : C c (G//K, E; χ) → C is a continuous surjective C-algebra homomorphism such that ω(ϕ χ ) = ω(ϕ) for all ϕ ∈ C c (G//K). Conversely, for any continuous surjective C-algebra homomorphism λ : C c (G//K, E; χ) → C, there exists uniquely an ω ∈ Ω(G//K, E; χ) such that ω = λ. If K is an open subgroup of G, then the last statement is valid without continuity condition on λ [Tam] . In this case, C c (G//K) is a C-algebra with unity ϕ K the characteristic function of K in G. Then C c (G//K, E; χ) also has a unity θ χ (ϕ K ).
B.4.
Let us denote by R(G, E; χ) the subset of G consisting of the π such that π| E = χ and by R(G//K, E; χ) the subset of R(G, E; χ) consisting of the π with non-trivial K-invariant vectors. If the algebra C c (G//K, E; χ) is commutative, then for any π ∈ R(G//K, E; χ), the space of the K-invariant vectors is one-dimensional. The following two conditions are equivalent: 1) C c (G//K) is a commutative C-algebra, 2) for any π ∈ G, the space of the K-invariant vectors of π is at most onedimensional. Suppose C c (G//K, E; χ) is commutative. Let us denote by Ω + (G//K, E; χ) the subset of Ω(G//K, E; χ) consisting of the positive ω, that is, the Hermitian matrix (ω(x i x −1 j )) i,j is positive definite for all finite subsets {x 1 , · · · , x n } of G. For any π ∈ R(G//K, E; χ), take a K-invariant vector v with unit length and put ω π (x) = (π(x)v, v) (x ∈ G). Then π → ω π is a bijection from R(G//K, E; χ) onto Ω + (G//K, E; χ). Any ω ∈ Ω + (G//K, E; χ) is a bounded function:
|ω(x)| ≤ ω(1) for all x ∈ G.
Let us denote by Ω b (G//K, E; χ) the subset of Ω(G//K, E; χ) consisting of the bounded functions.
